We extend the definition of weak symmetric continuity to be applicable for functions defined on any nonempty subset of R. Then we investigate basic properties of weakly symmetrically continuous functions and compare them with those of symmetrically continuous functions and weakly continuous functions. Several examples are also given.
Introduction and Preliminaries
There are many types of generalized continuities, three of which will be discussed in this article. Throughout, let A be a nonempty subset of R and a ∈ A.
(1) A function f : A → R is said to be symmetrically continuous at a if ∀ε > 0∃δ > 0∀h ∈ R, |h| < δ ∧ a + h, a − h ∈ A ⇒ |f (a + h) − f (a − h)| < ε.
(2) Let L a (A) and U a (A) denote respectively the set of all strictly increasing sequence in A converging to a and the set of all strictly decreasing sequence in A converging to a. A function f : A → R is said to be weakly continuous at a if the following statements hold:
(2.1) if L a (A) = ∅, then there is (x n ) ∈ L a (A) such that lim n→∞ f (x n ) = f (a), and (2.2) if U a (A) = ∅, then there is (y n ) ∈ U a (A) such that lim n→∞ f (y n ) = f (a).
We remark that the above definitions were first given for functions defined on R and were later extended [10, 11, 12] for functions defined on any nonempty subset of R. Similarly, the definition of weak symmetric continuity is given for functions defined on R as follows [7, 17] (3) A function g : R → R is said to be weakly symmetrically continuous at a ∈ R if there exists a sequence (h n ) of positive real numbers converging to 0 such that lim n→∞ f (a + h n ) − f (a − h n ) = 0.
In this article, we will extend (3) so that it is applicable for functions defined on a nonempty subset of R. Let S a (A) be the set of all sequences (h n ) of positive real numbers converging to 0 such that a + h n and a − h n are in A for every n ∈ N. Then weak symmetric continuity can be extended as follows:
Definition 1.1. A function f : A → R is said to be weakly symmetrically continuous at a if S a (A) = ∅ implies that there exists a sequence
Our purpose is to obtain basic properties of weakly symmetrically continuous functions defined on a nonempty subset of R and compare them with those of weakly continuous functions and symmetrically continuous functions. We will give basic relations between these three types of continuities in Section 2. Then we will investigate combinations of these functions in Section 3. Then a study of sequences of weakly symmetrically continuous functions will be given in Section 4. We refer the reader to [1, 2, 3, 4, 5, 6, 8, 9, 13, 14, 15, 16] for other results concerning symmetric continuity of functions. We end this section by giving some results that will be used later. 
Basic Relations
Let SC, W C, and W SC be, respectively, the space of symmetrically continuous functions, the space of weakly continuous functions, and the space of weakly symmetrically continuous functions defined on nonempty subsets of R. In this section, we will show that the following relations hold: Proof. This follows immediately from Definition 1.1 and Lemma 1.2.
Next we give various examples to show a clearer picture of each type of continuities and to verify the relations (R1), (R2) and (R3).
Since 1 n n∈N ∈ S 0 (R) and
f is weakly symmetrically continuous at 0. Observe that 
Next we give a function which is both weakly continuous and weakly symmetrically continuous but is not symmetrically continuous. 
Observe that
Therefore f is weakly continuous at 0. But f is not weakly symmetrically
The function f in Example 2.4 is not a weakly continuous function because it is not weakly continuous at a = : for every (y n ) ∈ U1 2 (R), f (y n ) = 1 for every n ∈ N, and therefore (f (y n )) n∈N does not converge to f 1 2 . The next example gives a function which is a weakly continuous function but is not a weakly symmetrically continuous function. 
Therefore f is a weakly continuous function but is not a weakly symmetrically continuous function. 
Combinations of Functions
Throughout, let A and B be nonempty subsets of R and let a ∈ A. The following statements are given in [11] and [12] .
(1) If f, g : A → R are symmetrically continuous at a and c ∈ R, then |f |, cf , f +g, f −g, max {f, g}, and min {f, g} are symmetrically continuous at a.
(2) Let f, g : A → R be symmetrically continuous at a. If f and g are locally bounded at a, then f g is symmetrically continuous at a.
(3) Let f : A → R and g : B → R be functions such that f (A) ⊆ B. If f is symmetrically continuous at a, and g is uniformly continuous on B, then g • f is symmetrically continuous at a.
Similar statements for weakly continuous functions are given in [10] . In this article, we will investigate this kind of properties for weakly symmetrically continuous functions.
Theorem 3.1. Let f : A → R be weakly symmetrically continuous at a and c ∈ R. Then |f | and cf are weakly symmetrically continuous at a.
This shows that |f | and cf are weakly symmetrically continuous at a. Proof. Assume that S a (A) = ∅. Then there exists (h n ) ∈ S a (A) such that lim n→∞ f (a + h n ) − f (a − h n ) = 0. By Lemma 1.2, g(a + h n ) − g(a − h n ) also converges to 0. Then
Similarly, lim n→∞ (f − g)(a + h n ) − (f − g)(a − h n ) = 0. This shows that f + g and f − g are weakly symmetrically continuous at a. . Then
as n → ∞. Therefore max{f, g} is weakly symmetrically continuous at a. Similarly, min{f, g} is weakly symmetrically continuous at a.
Although f and g are weakly symmetrically continuous at a, f + g, f − g, max{f, g}, and min{f, g} may or may not be weakly symmetrically continuous at a. So we cannot replace the symmetric continuity of the function g in Theorem 3.2 by weak symmetric continuity. We show this in the next example.
1, if x < 0 and x / ∈ A,
2, if x < 0 and x / ∈ B.
Since f
So f and g are weakly symmetrically continuous at 0. We obtain
3, if x < 0 and x / ∈ A ∪ B; x − 2, if x > 0 and x ∈ A; x + 2, if x < 0 and x ∈ A; x − 1, if x > 0 and x ∈ B; x + 1, if x < 0 and x ∈ B; 0,
2, if x < 0 and x / ∈ A ∪ B; x, if x > 0 and x ∈ A; 2, if x < 0 and x ∈ A; x, if x > 0 and x ∈ B; 1, if x < 0 and x ∈ B; 0,
1, if x < 0 and x / ∈ A ∪ B; −2, if x > 0 and x ∈ A; x, if x < 0 and x ∈ A; −1, if x > 0 and x ∈ B; x, if x < 0 and x ∈ B; 0, if x = 0.
2h n − 4, if h n > 0 and h n ∈ A; 2h n − 2, if h n > 0 and h n ∈ B.
does not converge to zero as n → ∞. Similarly, we obtain that for every n ∈ N,
Therefore they do not converge to zero as n → ∞. This shows that f + g, f − g, max {f, g}, and min {f, g} are not weakly symmetrically continuous at 0.
Recall that a function f : A → R is said to be locally bounded at a if there exist δ > 0 and M > 0 such that |f (x)| < M for all x ∈ (a − δ, a + δ) ∩ A. We have the following result. Proof. Assume that f and g are locally bounded at a and S a (A) = ∅. Then there exists (h n ) ∈ S a (A) such that lim n→∞ |f (a + h n ) − f (a − h n )| = 0. By Lemma 1.2, lim n→∞ |g(a + h n ) − g(a − h n )| = 0. Since f and g are locally bounded at a, there are positive real numbers M and δ such that |f (x)| < M and |g(x)| < M, for every x ∈ (a − δ, a + δ) ∩ A. Since (h n ) ∈ S a (A), we can choose N ∈ N such that a + h n and a − h n are in (a − δ, a
Hence f g is weakly symmetrically continuous at a.
Next we give an example to show that local boundedness of the functions f and g in Theorem 3.4 cannot be omitted. 
Therefore, for every (h n ) ∈ S 0 (R), (f g) (h n ) − (f g) (−h n ) = 2 0 as n → ∞. Hence, f g is not weakly symmetrically continuous at 0.
Next we give functions f and g such that f and g are weakly symmetrically continuous at 0 and locally bounded at 0 but f g is not weakly symmetrically continuous at 0. Therefore the symmetric continuity of the function g in Theorem 3.4 cannot be replaced by weak symmetric continuity.
| n ∈ Z − {0} , and
, if x < 0 and x ∈ A, and
, if x > 0 and x ∈ B; − 1
, if x < 0 and x ∈ B. Proof. This follows immediately from Lemma 3.8 and Theorem 3.4.
Next we obtain a result on the composition of functions. Proof. Assume that S a (A) = ∅. Then there exists (h n ) ∈ S a (A) such that lim n→∞ |f (a + h n ) − f (a − h n )| = 0. Let ε > 0. Then there exists δ > 0 such that for all x, y ∈ B, if |x − y| < δ, then
There is N ∈ N such that for all n ≥ N
Let n ≥ N. By (1) and (2), we obtain
This shows that (g • f )(a + h n ) − (g • f )(a − h n ) converges to 0 as n → ∞, and therefore g • f is weakly symmetrically continuous at a.
The uniform continuity of the function g in Theorem 3.10 cannot be replaced by continuity as shown in the next example. Next we show that uniform limit of weakly symmetrically continuous functions is weakly symmetrically continuous. A method similar to Cantor diagonalization process is used in the proof. Proof. Assume that S a (A) = ∅. For each k ∈ N, since f k is weakly symmetrically continuous at a, there exists a sequence h (k) n n∈N ∈ S a (A) such
For each n ∈ N, let x n = h (n)
Nn . Then (x n ) converges to zero and x n > 0 for every n ∈ N. In addition, a+x n and a−x n are in A for every n ∈ N. Therefore (x n ) ∈ S a (A). It remains to show that lim n→∞ |f (a + x n ) − f (a − x n )| = 0. Let ε > 0. Since (f k ) converges uniformly to f on A, there exists M ∈ N such that |f k (x) − f (x)| < ε 3
for all k ≥ M and x ∈ A. There exists K ∈ N such that 1 K < ε 3 .
Let N = max {M, K} and let n ≥ N. Then By (4), (3), the definition of x n , and (5), we obtain that
This completes the proof.
